Introduction
In their classical paper ES1], Erd} os and Szekeres proved that any set of more than 2n?4 n?2 points in general position in the plane contains n points which are in convex position, i.e., they form the vertex set of a convex n-gon. T. Bisztriczky and G. Fejes T oth BF1] , F] extended this result to families of convex sets.
Throughout this paper, by a family F = fA 1 ; : : :; A t g we always mean a family of pairwise disjoint compact convex sets in the plane in general position, i.e., no three of them have a common supporting line. F is said to be in convex position if none of its members is contained in the convex hull of the union of the others, i.e., if bd conv ( F) , the boundary of the convex hull of the union of all members of F, contains a piece of the boundary of each A i . Evidently, any two members of F are in convex position.
T. Bisztriczky and G. Fejes T oth proved that there exists a function P(n) such that if jFj > P(n) and any three members of F are in convex position, then F has n members in convex position. Improving their initial result, in BF2] they showed that this statement is true with a function P(n), triply exponential in n. They also remarked that \it seems that none of the" previous proofs of the Erd} os-Szekeres theorem \can be modi ed so as to obtain a proof of our theorem." One of the aims of the present note is to show that the idea of the original proof of Erd} os and Szekeres can be applied to deduce the Bisztriczky-Fejes T oth theorem with a much better function P(n) < 16 n . Theorem 1. Let ; then F has n members in convex position. If any k members of F are in convex position, then we say that F satis es property P k . If no n members of F are in convex position, then we say that F satis es property P n . Property P n k means that both P k and P n are satis ed. Using these notions, Theorem 1 states that if a family F satis es property P n 3 , then jFj 2n?4 n?2 2 . T. Bisztriczky and G. Fejes T oth BF2] raised the following more general question. What is the maximum size P k (n) of a family F satisfying property P n k ? They gave an exponential upper bound on P 4 (n), and quadratic upper bounds on P k (n) for any xed k 5, as n tends to in nity. Some of these estimates can be improved as follows.
Theorem 2. 2b n+1 4 c 2 P 4 (n) < n 3 Theorem 3. P 11 (n) cn log n Obviously, P l (n) P k (n) holds for every l k. Proof. In case (ii), we can assume without loss of generality that the common transversal of the elements of F is horizontal. projections onto the x-axis in case (i), and with respect to their intersections with the common transversal in case (ii)). For any 1 i < j t, there are four uniquely determined points p 1 ; q 1 2 bd A i ; p 2 ; q 2 2 bd A j such that the segments p 1 p 2 ; q 1 q 2 belong to the boundary of conv (A i A j ), and along this boundary the counter-clockwise order of these points is p 2 ; p 1 ; q 1 ; q 2 . Let f(i; j) and g(i; j) denote the counter-clockwise angles from the direction of the positive x-axis to ??! p 2 p 1 and ??! q 2 q 1 , respectively (see Now we are ready to prove Theorem 1. Let F be a family of more than 2n?4 n?2 2 convex sets in the plane satisfying property P 3 . Projecting these sets onto the x-axis, we obtain a system of intervals I. A well-known result of Gallai (see B], p.373) implies that I has more than 2n?4 n?2 elements that are either pairwise disjoint or all of them have a point in common.
In the rst case, the corresponding elements of F can be separated by vertical lines, in the second case all of them can be intersected by one line. In either case, we can apply Lemma For any 2 i < j t, let u i (resp. l i ) be the length of the longest upper (resp. lower) chain that ends with A i . Clearly, u i ; l i 2.
Claim. If i 6 = k, then (u i ; l i ) 6 = (u k ; l k ). It follows from the Claim and from the fact that u i ; l i 2 for every 2 i t that, if t > (n ? 2) 2 + 1, then there is an i such that either u i n or l i n. So, there is an upper (resp. lower) chain of length n, and its elements are in convex position. 2
Proof of Theorem 2. First we prove the upper bound. Let F be a family satisfying property P n 4 and suppose for contradiction that jFj (n ? 4)((n ? 2) 2 + 1) + n. By Lemma 3.1, one can select at most n ? 4 lines such that every internal member of F intersects at least one of them. Since F has at least (n ? 4)((n ? 2) 2 + 1) + 1 internal members, one of the lines intersects at least (n ? 2) 2 + 2 members of F. By Lemma 3.2, F has n members in convex position, contradicting property P n .
Fig. 4
The lower bound is shown by the following construction. Suppose for simplicity that n = 4k + 3 for some k, and let F denote the family of vertical segments S ij = f(x; y) j x = x ij ; y ij y y 0 ij g; 1 i 2k + 2; 1 j 2min(i; 2k ? i + 3) ? 1; where x ij = i + "j; y ij = (2k ? i + 2) 2 + ("j) 2 ; y 0 ij = (2k + 3) 2 ? i 2 ? ("(k ? j)) 2 ; and " is an extremely small positive number (see Fig. 4 ). Clearly, jFj = 2(k + 1) 2 > n 2 =8.
For any S = S i;j 2 F, let i(S) = i; j(S) = j. Let is not a vertex of conv F 0 , then there are S 3 ; S 4 2 F 0 such that i(S 3 ) < i, i(S 4 ) = i, and j(S 4 ) > j. Therefore, if S ij is not a vertex of F 0 , then F 0 has at least four other members. This shows that F 0 satis es property P 4 .
It remains to show that F satis es property P n . To see this, consider a subfamily F 0 F with jF 0 j n > 4k + 2. It is easy to see that there are S 1 ; S 2 ; S 3 ; S 4 ; S 5 2 F 0 such that i(S 1 ) < i(S 2 ) = i(S 3 ) = i(S 4 ) < i(S 5 ) and j(S 2 ) < j(S 3 ) < j(S 4 ). Then, by the above observation, S 3 is not a vertex of F 0 , so the members of Let A 1 ; A 2 ; : : : ; A t denote the members of F listed from left to the right. Clearly, A 1 and A t are vertices of F, so we can choose two points, x 2 A 1 ; y 2 A t , that belong to the boundary of conv F. Let a(xy) (and a(yx)) denote the counter-clockwise oriented arcs from x to y (from y to x, respectively).
Suppose that A j is not a vertex of conv F for some 1 < j < t. Let = maxfi j i < j; A i meets a(xy)g; = minfi j i > j; A i meets a(xy)g; = maxfi j i < j; A i meets a(yx)g; = minfi j i > j; A i meets a(yx)g: (Since A 1 and A t meet both a(xy) and a(yx), these numbers are well de ned.) Notice that conv (A A A A ) A j , contradicting property P 5 . 2 Lemma 4.2. Let F be a family of disjoint convex sets in the plane, satisfying property P n 11 .
Suppose that there are m vertical lines such that every member of F intersects at least one of them.
Then one can choose at most bm=2c vertical lines so that every internal member of F intersects at least one of them.
Proof. Suppose that every member of F intersects at least one of the vertical lines`1;`2;: : :; m , ordered from left to right. For any i, let It is su cient to show that every internal member of F intersects at least two distinct lines`i, and then it follows that`2;`4; : : : ;`2 bm=2c meet the requirements of the lemma.
Suppose, for contradiction, that there is an internal member A 2 F which intersects only one line`i, and assume that 1 < i < m. (The cases when i = 1 or m are similar, but somewhat simpler.) Let X and Y be two vertex-arcs on the boundary of conv F such that there is a point x 2 X in the closed half-plane to the left of`1, and there is a point y 2 Y in the closed half-plane to the right of`m. Let a(xy) and a(yx) denote the counter-clockwise oriented arcs of the boundary of conv F from x to y, and from y to x, respectively. Let V 1 (and V 4 ) denote the last (resp. rst) vertex-arc along a(xy), which belongs to a member of F <i (of F >i , respectively). If there is no such vertex-arc, let V 1 = X (resp. V 4 = Y ). Clearly, if there is any vertex-arc on a(x; y) between V 1 and V 4 , it must belong to an element of F i . Let V 2 (resp. V 3 ) denote the vertex-arc succeeding V 1 (resp. preceding V 4 ) along a(x; y). Similarly, de ne the vertex-arcs U 1 ; U 2 ; U 3 ; U 4 along the oriented arc a(yx). In both cases, G has at most 10 members. It is easy to check that none of the edge-arcs of conv G can be met by A. Since A \`i conv G, we obtain that A must be contained in the convex hull of G, contradicting property P 11 (see Fig. 5 ). 2
Now we can prove Theorem 3. Let F be a family of disjoint convex sets in the plane satisfying property P n 11 . In view of Lemma 4.1(i), no n members of F can be separated from each other by vertical lines. Thus, according to a well-known result of T. Gallai (cited before), one can nd n ? 1 vertical lines such that every member of F intersects at least one of them.
Let F 1 denote the family of all internal members of F. Clearly, jF 1 j > jFj ? n. By Lemma 4.2, all members of F 1 can be pierced by b n?1 2 c < n=2 vertical lines. Similarly, the family F 2 of all internal members of F 1 has more than jFj ? 2n members, and all of them can be intersected by fewer than n=4 vertical lines. Applying Lemma 4.2 repeatedly, after { 8 { at most blog 2 nc steps, we end up with a subfamily of F, which has more than jFj ? n log 2 n members, and they all intersect the same line. By Lemma 4.1(ii), this implies that jFj ? n log 2 n < n; concluding the proof of Theorem 3. 
